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Introduction. 



Toroidal Lie algebras are very natural multi-variable generalizations of affine Kac-Moody 
algebras. The theory of affine Lie algebras is rich and beautiful, having connections with diverse 
areas of mathematics and physics. Toroidal Lie algebras are also proving themselves to be 
useful for the applications. Frenkel, Jing and Wang [FJW] used representations of toroidal Lie 
algebras to construct a new form of the McKay correspondence. Inami et al., studied toroidal 
symmetry in the context of a 4-dimensional conformal field theory [IKUX], [IKU]. There are 
also applications of toroidal Lie algebras to soliton theory. Using representations of the toroidal 
algebras one can construct hierarchies of non-linear PDEs [B2] , [ISW] . In particular, the toroidal 
extension of the Korteweg-de Vries hierarchy contains the Bogoyavlensky's equation, which is 
not in the classical KdV hierarchy [IT] . One can use the vertex operator realizations to construct 
n-soliton solutions for the PDEs in these hierarchies. We hope that further development of the 
representation theory of toroidal Lie algebras will help to find new applications of this interesting 
class of algebras. 

The construction of a toroidal Lie algebra is totally parallel to the well-known construction 
of an (untwisted) affine Kac-Moody algebra [Kl]. One starts with a finite-dimensional simple 
Lie algebra q and considers Fourier polynomial maps from an JV+ 1-dimensional torus into 
0. Setting tk = e lXfe , we may identify the algebra of Fourier polynomials on a torus with the 
Laurent polynomial algebra 1Z = C[t ,t x , ... ,t N ], and the Lie algebra of the 0- valued maps 
from a torus with the multi-loop algebra C[t J, tf, . . . , tj^] <S> 0. When N = 0, this yields the 
usual loop algebra. 

Just as for the affine algebras, the next step is to build the universal central extension 
(1Z © q) © /C of 1Z © g. However unlike the affine case, the center K, is infinite-dimensional when 
N > 1. The infinite-dimensional center makes this Lie algebra highly degenerate. One can 
show, for example, that in an irreducible bounded weight module, most of the center should 
act trivially. To eliminate this degeneracy, we add the Lie algebra of vector fields on a torus, 
V = Der (K) to (K ® 0) © /C. The resulting algebra, 

= (^®0)©/C©X? 

is called the full toroidal Lie algebra (see Section 1 for details). The action of T> on K, is non- 
trivial, making the center of the toroidal Lie algebra finite-dimensional. This enlarged algebra 
will have a much better representation theory. 



2000 Mathematics Subject Classification. Primary 17B65, 17B69; Secondary 17B66. 
Research supported by the Natural Sciences and Engineering Research Council of Canada. 



1 



The most important class of modules for the affine Lie algebras are the highest weight 
modules, and one would certainly want to construct their toroidal analogs. The first problem 
that arises here is that one needs a triangular decomposition for the Lie algebra in order to 
introduce the notion of the highest weight module. Toroidal Lie algebras are graded by Z* N+1 , 
and for N > 0, there is no canonical way of dividing this lattice into positive and negative 
parts. This difficulty is not present for the affine Lie algebras, which are graded by Z, and for 
Z such a splitting is natural. 

One way to split Z Ar+1 is to cut it with a hyperplane that intersects with the lattice only at 
zero. The corresponding class of the highest weight modules was studied by Berman and Cox 
[BC], where it was found that the Verma modules constructed in this way will have infinite- 
dimensional weight spaces and do not produce any representations with interesting realizations. 
Modules corresponding to other decompositions of the lattice were studied in [DFP]. 

An extremal way of dividing the lattice is to cut it with a hyperplane that intersects Z N+1 
at a sublattice of rank N. This approach was taken by Moody, Rao and Yokonuma, who 
constructed a homogeneous vertex operator realization of the basic module for the universal 
central extension of the multi-loop algebra [MRY]. In [EM], Rao and Moody showed how to get 

N 

a representation of a bigger algebra on the same space, adding a subalgebra V* = © Tl-S- of 

/, 1 " 

the Lie algebra of vector fields. One unanticipated development in [EM] was the appearance of 
a /C-valued 2-cocycle T\ on the Lie algebra of vector fields, which is an abelian generalization 
of the Virasoro cocycle. A principal realization for the basic module was given in [Bl]. 

Developing further these ideas, Larsson succeeded in constructing a wider class of repre- 
sentations for the toroidal Lie algebras [L]. He showed that the basic module for the affine Lie 
algebra g may be replaced with an arbitrary highest weight module. Larsson also discovered 
that affine gl N -modu\es can be used as an ingredient in these constructions. In Larsson's paper 
a combination of 2-cocycles T\ and T2 had appeared. 

Berman and Billig developed a categorical approach to the representation theory of toroidal 
Lie algebras, introducing the generalized Verma modules for toroidal Lie algebras [BB]. They 
developed a theory of Lie algebras with polynomial multiplication, which allowed them to prove 
that simple quotients of the generalized Verma modules always have finite-dimensional weight 
spaces. Realizations of these irreducible quotients were obtained using a modified version of 
Larsson's construction. 

A vertex algebra interpretation of these results was given by Berman, Billig and Szmigielski 
in [BBS]. 

Although the generalized Verma modules could be defined for the full toroidal algebras 
and the result of [BB] concerning finite-dimensional weight spaces also holds in full generality, 
there was one substantial difficulty unresolved in all of these publications. It was not known 
how to construct realizations for the modules over the full toroidal algebra - the piece Tt-^j- 
was always missing. This piece corresponds to the energy-momentum tensor in quantum field 
theories, so it is important to have it represented. 

A class of modules for the full toroidal Lie algebras was constructed in [B4] (unpublished), 
and in the present paper we completely solve this problem. 

Extended affine Lie algebras (EALAs) are another important family of algebras closely 
related to the toroidal Lie algebras. The main feature of the extended affine Lie algebras is the 
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existence of a non-degenerate symmetric invariant bilinear form. Such a form does not exist on 
the full toroidal algebra, but it can be defined on its subalgebra (1Z<2)q) ©/C©"Pdiv7 where T>^ v 
is the Lie algebra of divergence zero vector fields on a torus. The results of the present paper 
make it possible to develop the representation theory for the toroidal EALA using restriction 
from the full toroidal algebras [B4], [B6]. 

It is shown in [ABFP] that most of the extended affine Lie algebras may be realized as 
twisted toroidal EALAs. The representation theory of the twisted toroidal EALAs is studied 
by Billig and Lau in [BL]. 

In the present paper we define a rather natural category B x of bounded g-modules with 
finite-dimensional weight spaces with the central character x- Our goal is to study irreducible 
modules in this category. We show that every irreducible module is characterized by its top T 
- the highest eigenspace for the operator do = to -Jpj-. The space T is a sub module with respect 
to the subalgebra g consisting of elements of g of degree zero with respect to to- Following 
[BB], we define a generalized Verma module M{T) and its irreducible quotient L(T). We show 
(Theorem 2.5) that every irreducible module in category B x is isomorphic to L(T) for some 
irreducible g -module T with finite-dimensional weight spaces. Using the results of [JM] , [E] and 
[B5], we see that such g -modules are precisely those considered in [BB] - they are multi-loop 
modules with respect to 7Zn © g and tensor modules with respect to Der (TZn)- 

Once we get a description of the tops T, we wish to completely determine the structure 
of the g-modules L(T). This is done by constructing the vertex operator realizations of these 
modules. The crucial observation here is that the full toroidal Lie algebras are vertex Lie 
algebras. This allows us to construct the universal enveloping VOA Vg. We show (Proposition 
4.2) that for a particular top To, the irreducible module L(Tq) is a factor- VOA of Vg. Using 
the methods developed in [BB], we study the kernel of the projection V — > L(T ). This kernel 
gives us valuable information about L(T ). Once we determine that a vector v G V fl belongs to 
the kernel, we apply the state-field correspondence Y and conclude that Yl^t ){v,z) = 0. In 
this way we derive important relations that hold in L(Tq). We use these relations to define a 
toroidal VOA V(T$) as a tensor product of a sub- VOA Vjj of a lattice VOA and a VOA 

corresponding to the twisted Virasoro-affine Lie algebra with f = g © gl N . 

In the previous papers on this subject, the vertex operator realization for the toroidal 
modules had to be essentially guessed. The significant difference in the present approach is 
that we are able to derive all the properties of the vertex operator realizations from inside, 
using only the relations in the toroidal Lie algebra g and its universal enveloping vertex algebra 

The VOA V(T ) controls the representation theory of g. We show (Theorem 5.3) that 
every irreducible module L(T) in category B x is a simple VOA module for V(T ) and can 
be constructed as a tensor product of a simple module M^ yp (a) for the VOA Vjt, with an 
irreducible highest weight module for the twisted Virasoro-affine algebra f. For a generic 
level c, we can further factor Lj in a tensor product and get the following decomposition for 
L(T): 

L(T) M+ yp (a) © Is> © L 2n © L Hei © L Vir , 

where the last four factors are certain irreducible highest weight modules for the affine alge- 
bras Q,sIn, the infinite-dimensional Heisenberg algebra and the Virasoro algebra. In this way 
we reduce the representation theory of toroidal Lie algebras to the representation theory of 
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affine, Heisenberg and Virasoro algebras. Whenever explicit realizations are available for the 
components in the tensor product decomposition above, we get a realization for the irreducible 
module for the full toroidal Lie algebra. 

This leads to the following open problem: while the explicit expressions for the characters 
of irreducible modules may be known, there is no Weyl-type character formula for the toroidal 
Lie algebras. Obtaining such a formula may yield interesting number-theoretic identities. 

The structure of the paper is the following. In Section 1 we review the construction of the 
toroidal Lie algebras. In Section 2 we introduce a category B x of g-modules and show that every 
irreducible module in B x is characterized by its top T. We also describe the structure of the top 
T. In Section 3 we recall the definition of the vertex operator algebra and the construction of 
the universal enveloping vertex algebra of a vertex Lie algebra. We introduce twisted Virasoro- 
affine Lie algebras, show that these algebras are in fact vertex Lie algebras and describe the 
structure of the corresponding enveloping vertex algebras and their simple modules. At the end 
of Section 3 we describe the hyperbolic lattice VOA Vh vp and its sub-VOA Vjj. . In Section 4 
we show that the full toroidal Lie algebra is vertex Lie algebra and define its enveloping VOA 
V^. Next we establish a series of relations that hold in the simple quotient L(Tq) and use them 
to decompose L(T ) into a tensor product of two VOAs, and L^q). In the final Section 

5 we prove that a slightly bigger VOA V(Tq) = V^ yp © Vj(7o) also admits the structure of a 
module over the full toroidal algebra g. We show that every irreducible g-module in category 
B x is a simple VOA module for V{Tq), which then allows us to obtain a complete description 
of these irreducible g-modules. 

Acknowledgements: I thank Stephen Berman for the stimulating discussions and en- 
couragement. I have greatly benefited from Chongying Dong's lectures on vertex operator 
algebras given at the Fields Institute. 



1. Toroidal Lie algebras. 



Toroidal Lie algebras are the natural multi-variable generalizations of affine Lie algebras. 
In this review of the toroidal Lie algebras we follow the work [BB]. Let g be a simple finite- 
dimensional Lie algebra over C with a non-degenerate invariant bilinear form (-|-) and let A > 1 
be an integer. We consider the Lie algebra 1Z © g of maps from an A^+l dimensional torus into 
g, where 1Z = C[t^, tf, . . . , tj^] is the algebra of Fourier polynomials on a torus. The universal 
central extension of this Lie algebra may be described by means of the following construction 

N 

which is due to Kassel [Kas]. Let be the space of 1-forms on a torus: = © lZdt p . We 

p=0 

will choose the forms {k p = t~ 1 dt v \p = 0, . . . , N} as a basis of this free 1Z module. There is a 

N N 

natural map d from the space of functions 1Z into 0^_: d(f) = Yl dt~dt p = Yl tpm^p- The 
center JC for the universal central extension (1Z <g> g) © /C of 1Z <S> Q is realized as 

k = nk/d(ft), 

and the Lie bracket is given by the formula 

\fi(t)9uMt)92] = h{t)f2{t)[gu92] + (01I0OM/1). 
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Here and in the rest of the paper we will denote elements of JC by the same symbols as elements 
of fi^, keeping in mind the canonical projection 0^ — > Q^/d(TZ). 

Next we add to (1Z <S> £j) © JC the algebra V of vector fields on the torus 

N 

V = © Kd p , 
P =o 

where d p = t p -J^-. We will use the multi-index notation writing t r = t^t^ 1 . . .t r ^ for r = 

(r ,ri,...,rjv), etc. 

The natural action of V on 1Z ® q 

[t r d a ,t m g]=m a t r+m g (1.1) 

uniquely extends to the action on the universal central extension (1Z ® q) © /C by 

N 

[t r d a , t m k b ] = m a t r+m k b + 5 ab ]T r p t r+m k p . (1.2) 

This corresponds to the Lie derivative action of the vector fields on 1-forms. 

It turns out that there is still an extra degree of freedom in defining the Lie algebra structure 
on (1Z <8> fl) © K. © V. The Lie bracket on V may be twisted with a /C-valued 2-cocycle: 

[t r d a , t m d h ] = m a t r+m d b - r b t r+m d a + r(t r d ai t m d h ). (1.3) 

In order to compute the second cohomology space H 2 (V,JC), one could use the Gelfand-Fuks 
cohomology theory [F], [T]. Unfortunately this theory only allows one to do the computations 
in the C°° setup, i.e., when 1Z is replaced with the algebra of infinitely differentiable functions 
on a torus, and not for the algebra of Fourier polynomials that we consider here. For the C°° 
situation the calculation of H^^ (V, JC) has been carried out in [BN]. For the (N+l) -dimensional 
torus with iV + 1 > 2, the dimension of the second cohomology space is 



dim #£«,(©,£) = 2 + 



N + l 
3 



and the following cocycles form the basis of this space: 

N 

*p i 



n(t r d a ,t m d b ) = m a r b J2^P tr+m h 

p=0 



N 

r 2 (t r d a ,t m d b ) =r a m b ^2m p t r+m k p , 

p=0 

together with a family {rj abc \0 < a < b < c < iV}, where the cocycle rj abc is defined by the 
conditions that 

ria b c{t r d a{a) ,t m d a{h) ) = (-iyt r+m k a(c) , 
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for any permutation a : {a, 6, c} — > {a, 6, c} and r] a } )C (t r di,t rn dj) = if z = j or {z, j} ^ {a, 6, c}. 
It is clear that H 2 (V,JC) in the algebraic setup contains the space H^^lD, JC). After twisting 
with a cocycle r\ a bc-, the vector fields d a and dj, no longer commute. For this reason we will be 
considering only the cocycles t\ and t<i in this paper. 

We will write r = [it\ + UT2- The resulting algebra (or rather a family of algebras) is called 
the full toroidal Lie algebra 



Note that after adding the algebra of derivations £>, the center Z of the toroidal Lie g 
becomes finite-dimensional with the basis {ko, k±, . . . , fcjv}. This can be seen from the action 
(1.2) of T> on /C, which is non-trivial. 

The study representation theory of toroidal Lie algebras has begun in [MRY] and [EM], 
with further developments in [Bl], [L], [BB], [BBS]. In all of these papers there was one common 
difficulty that has not been resolved - the representations constructed there were not for the 
full toroidal algebra g, but only for a subalgebra 



where the piece IZdo that corresponds to the toroidal energy-momentum tensor was missing. 
This left the theory in a somewhat incomplete form, and the goal of the present paper is to 
study representations for the full toroidal Lie algebra. 

2. A category of bounded modules for toroidal Lie algebras. 

In this section we will introduce a category of bounded modules for toroidal Lie algebras 
that could be regarded as analogs of the highest weight modules for affine Kac- Moody algebras. 
The difference from the affine case is that the highest weight space is not 1-dimensional, but 
rather forms a multi-loop module for a smaller toroidal subalgebra. 

These bounded modules are quite promising from the point of view of applications. In 
[B2] a module of this type was used to construct a toroidal extension of the Korteweg-de Vries 
hierarchy. The vertex operator realizations of the toroidal modules allow one to construct 
soliton solutions to these non-linear PDEs. 

The variable to will play a special role in our construction. From the physics perspective, 
it may be interpreted as time, whereas ti, . . .£/v are the space variables. 

The algebra g has a Z N+1 -grading by the eigenvalues of the adjoint action of do, di, . . . cijv- 
We will denote by {e , . . . , e^} the standard basis of Z N+1 . We will be also considering its 
Z-grading just with respect to the action of d : 



and define subalgebras g ± = © g n , which yields the decomposition g = g_ © g © g + . 



g = v) = (TZ © g) © /C © V. 
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We recall that the center Z of q is N + 1-dimensional: Z = Span (k 0l k\, . . . , fcjv). Clearly, 
in any irreducible weight module with finite-dimensional weight spaces, these central elements 
will act as multiplications by scalars. Let us fix a non-zero central character x '■ % — > C and 
define a category of bounded modules with central character x f° r the toroidal Lie algebra. 

Definition. A category B x of bounded modules for the toroidal Lie algebra is a category 
whose objects are g-modules B satisfying the following axioms: 

(Bl) B has a weight decomposition with respect to the subalgebra (do, d\, . . . , djv) : 

B = © B m , 
me C N+1 

where B m = {v G B \ dj(v) = rrijV, j = 0, . . . , N} ; 

(B2) All weight spaces B m are finite-dimensional; 

(B3) The action of the center Z on B is given by the central character x : kjV = x(kj)v 
for all v G B, j = 0, .. ., 

(B4) Real parts of eigenvalues of do on B are bounded from above. 

The physical meaning of the last axiom is that the spectrum of the energy operator E = —do 
has a lower bound, i.e., there exist states of the lowest energy. 

The goal of this paper is to describe irreducible modules in category B x and find their 
characters. 

First of all we are going to show that in order for B x to be non-trivial, the central char- 
acter must satisfy the condition x(ki) = 0, ...,x(&/v) = 0. Clearly, x must vanish on an 
iV-dimensional subspace in Z, and it turns out that this A^-dimensional nullspace must be 
"aligned" with the choice of the operator do in axiom (B4). 

Lemma 2.1. Suppose that B x is a non-trivial category. Then x(hj) = f or a ^ 3 = 
1 V- 

Proof. Let B be a non-zero module in B x . Let us reason by contradiction and assume that 
x(kj) = Cj 7^ for some j, 1 < j < N. 

Since the spectrum of do is bounded, we can find a weight space B m such that mo + 1 is 
not an eigenvalue of do on B. Let v be a non-zero vector in B m , and consider the following 
family of vectors: 

(toVWo^K n = l,2,... 

Clearly, all these vectors belong to the same weight space £? m _2 eo , and we claim that they are 
all linearly independent. Indeed, suppose 

J2an(to 1 t; n k j )(to 1 t]k j )v = 0. 

n>0 

Since 

do(tot r jdo)v = (mo + l)(t ^doK 

and m + 1 is not an eigenvalue of do on B, we conclude that (totjdo)v = for all r G Z. We 
also note that 

[totjdo^tQ tjkj] = —t^ kj = 5 rj — s kj. 
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Taking these two facts into account, we get that for r > 0, 

= (t t r J d )(t t- r do) ^anltoHpkjWoHVk^v = a r c]v. 

Since Cj ^ 0, we conclude that a r = for all r > 0. Thus the vectors {(£q 1 t~ n kj)(t ~ x t r -kj)v } 
with n > are linearly independent, which contradicts (B2). This proves that x(/ci) = 
0,..., X {k N ) = 0. 

For the rest of this paper we fix a non-zero constant c G C and let x = (c, 0, . . . , 0). From 
now on, the multivariable t will not include to, that is t r will stand for t^ 1 . . . t^, etc. 

Consider an irreducible module L in category B x . It is clear that the eigenvalues of do on 
L belong to a single Z-coset in C. Let d be the eigenvalue of do with the highest real part, and 
let T be the corresponding eigenspace. 

Obviously, T is a o -module and g + T = 0. It is easy to see that irreducibility of L implies 
the irreducibility of T as a g -module. We will call the subspace T the top of L. Next we are 
going to describe the structure of T. We will be using a result of [JM] for this. 

Theorem 2.2 ([JM]). Suppose x(h) =c^0, x(h) = 0, . . . , x(fov) = 0. Let L 6e an 
irreducible module in category B x with the top T . Then 

T9lC[qf,...q±}®U, 

where U is a finite- dimensional space, and the action of q on T satisfies 

(t r k ) (q m ®u) = cq m+r <g> u, (t r kj) (q m ® u) = 0, (2.1) 

do(q m ® u) = dq m ® u, dj(q m <g> it) = (toj + ctj)<? m ® w, u & U,j = 1, . . . , N, (2.2) 

/or some ^xerf a = («i, . . . , a at) £ C^, d e C. 

If we take the quotient of g by the ideal J = Span |t r /cj|r G % N ,j = 1, . . . , ivj, which 

annihilates T, then we will get a semi-direct product of the Lie algebra of vector fields T>n = 
Der C[tf, . . . , tfj] on iV-dimensional torus with a multi-loop algebra: 

0O / J Ptv x C[tf, . . . , 4] (8) (0 © Cd Cfco) • 

Since ^(t r /co) acts on T as multiplication by g r , we can derive from (1.2) the following 
compatibility relations between the action of g and the operators of multiplication by q r : 

(t s d J )q r -q r (t s d J )=r J q s + r , (2.3) 

(t s d )q r = q r (t s d ), (t s g)q r = q r (t s g), g G 0. (2.4) 

Eswara Rao [E] classified irreducible PAr-modules with a compatible action of the algebra 
of Laurent polynomials, proving that any such module is a tensor module. We will use a version 
of this result for the semidirect product of Vn with a multi-loop algebra given in [B5], Theorem 
4(c): 
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Theorem 2.3 ([E], [B5]). Let a G C N ,c,d 6 C, c ^ 0. Let T be an irreducible go- 
module satisfying the conclusion of Theorem 2.2, as well as (2.3), (2.4). Then there exist a 
finite- dimensional irreducible Q-module V and a finite- dimensional irreducible gl N -module W , 
such that 

T2£C[qf,...q±]®V®W, (2.5) 
and the action of q on T is given by (2.1) and 

N 

(t r dj)(q m <g> v <g> w) = (m-j + aj)q m+r <g> v <g> w + ^r><? m+r <g> v ® E pj w, j = 1, . . . , N, (2.6) 

P =i 

(rrfo)(? m ®^ ®^) = ^ m+r ®^®«;, (2.7) 
(f#) (g m <g> v <g> ty) = q m+r ®gv®w, g G 0. (2.8) 

Here in (2.6) i? p j denotes a matrix with 1 in position (p,j), and zeros elsewhere. 

Combining these two theorems, we conclude that an irreducible module in category B x 
yields the following data - a finite-dimensional irreducible g-module V, a finite-dimensional 
irreducible g^-module W, a constant d e C and a G C N . It is easy to see that the choice of a 
is not canonical and a can be changed to any value in the coset a + Zj N by choosing a different 
weight space for the generators of T as a free C[^, . . . , g^j-module. An irreducible gl ^-module 
W is determined by the action of sl^ and a scalar h, by which the identity matrix acts on W. 

It was shown in [BB] that for any g -module T, corresponding to the data (V, W, h, d, a) as 
above, there exists an irreducible module in B x with T as a top. Let us review this construction. 

First we let g + act on T trivially, and define the generalized Verma module as the induced 
module 

M(T)=lndl m+ (T). 

Note that the module M(T) does not belong to category B x since its weight spaces lying below 
T are infinite-dimensional. Nonetheless, the following result holds: 

Theorem 2.4 ([BB]). (a) The Q-module M(T) has a unique maximal submodule M rad . 

(b) The factor-module L(T) = M(T)/M rad is an irreducible Q-module. 

(c) All weight spaces of L(T) are finite- dimensional, and L(T) belongs to the category B x . 

Summarizing, we get the following 

Theorem 2.5. (a) Let x be a non-zero central character x '■ % — ► C A category B x is 
non-trivial if and only if x(&o) = c, x(/ci) = 0, . . . , x(^n) = for some non-zero c G C. 
Let now x = ( c > 0, . . . , 0) with c ^ 0. 

(b) Irreducible Q-modules in category B x are in 1-1 correspondence with the data 
(V,W,h,d,a), where V is a finite- dimensional irreducible Q-module, W is a finite- dimensional 
irreducible slN-module, a G C N /Z N , h, d G C. 

(c) Every irreducible module in category B x is isomorphic to L(T) where 

T = C[q±,...q±]®V®W 
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with the action of $j given by (2.1) and (2.6)-(2.8). 

Proof. Part (a) has been already proved in Lemma 2.1. Let us prove part (c). As we 
have seen above, an irreducible module L in category B x has a top T, the structure of which is 
described by Theorem 2.3. Thus L is a factor-module of M(T). However M(T) has a unique 
irreducible factor, which is isomorphic to L(T). This proves L = L(T). Part (b) follows from 
(c) and Theorem 2.4. 

Our main goal will be to completely determine the structure of the irreducible modules 
L(T), and in particular, to find their characters. This will be done using the theory of vertex 
operator algebras (VOAs). We will show that for a particular choice of the data (V, W, h, d, a), 
namely, with V and W being trivial 1-dimensional modules for g and sIn, a = 0, h = Nvc and 
d = ^(fj, + i/)c, yielding the top 

T = C[qf,...,q±], 

the module L(T ) is a vertex operator algebra, while all irreducible modules L(T) are VOA- 
modules for a slightly bigger VOA V(Tq). Once we determine the structure of V(Tq) as a VOA, 
we will immediately get the structure of all the modules L(T) using the principle of preservation 
of identities in the VOA theory. 

3. Vertex operator algebras and vertex Lie algebras. 
3.1. Definitions and properties of a VOA. 

Let us recall the basic notions of the theory of the vertex operator algebras. Here we are 
following [K2] and [Li]. 

Definition. A vertex algebra is a vector space V with a distinguished vector 1 (vacuum 
vector) in V, an operator D (infinitesimal translation) on the space V, and a linear map Y 
(state-field correspondence) 

Y(-,z): V^(EndV)[[z,z-% 

a i— > Y(a,z) = a^ n )Z~ n ~ 1 (where a( n ) G EndF), 
neZ 

such that the following axioms hold: 

(VI) For any a, b G V, ct( n )b = for n sufficiently large; 
(V2) [D, Y(a, z)] = Y(D(a), z) = £Y(a, z) for any a G V; 
(V3)y(l,z) = Id v ; 

(V4) Y(a, z)l G V[[z]] and Y(a, z)l\ z= o = a for any a G V (self- replication); 
(V5) For any a, b G V, the fields V(a, z) and Y(b, z) are mutually local, that is, 

(z — w) n [Y(a, z), Y(b, w)] = 0, for n sufficiently large. 

A vertex algebra V is called a vertex operator algebra (VOA) if, in addition, V contains a 
vector u (Virasoro element) such that 



10 



(V6) The components L(n) = c*>( n +i) of the field 

satisfy the Virasoro algebra relations: 

[L(n), L{m)] = (n — m)L(n + m) + 5 n ,-m (rank V) Id, where rank V G C; (3.1) 

(V7)D = L(-1); 

(V8) V is graded by the eigenvalues of L(0): V = © V n with L(0)L / = nld. 

neZ Vn 

This completes the definition of a VOA. 

As a consequence of the axioms of the vertex algebra we have the following important 
commutator formula: 



[Y(a, Zl ), Y(b, z 2 )] = ^Y(a in) b, z 2 ) {j^j " 6 (g) 



n>0 

As usual, the delta function is 



(3.2) 



5{z) = * n - 

By (VI), the sum in the right hand side of the commutator formula is actually finite. 

All the vertex operator algebras that appear in this paper have the gradings by non-negative 

oo 

integers (degree): V = © V n . In this case the sum in the right hand side of the commutator 

n=0 

formula (3.2) runs from n = to n = deg (a) + deg (6) — 1, because 

deg (a (n) b) = deg (a) + deg (b) - n - 1, (3.3) 

and the elements of negative degree vanish. 
It follows from (V7) and (V8) that 

cu( )a = D(a), W(i)a = deg (a)a for a homogeneous. (3.4) 

Another consequence of the axioms of a vertex algebra is the Borcherds' identity: 



j>0 V 7 / 



J2(-l) k+J+1 0^ 6 (n+fc _ i) a (m+i) c + ^(-l) J 0^ a (m+fc _ jJ -)6 (n+J - ) c, k,m,neZ. 

(3.5) 



j>0 v " 7 i>o 

We will particularly need its special case when m = 

11 



(a( fc )6)(„)C= ^2(-l) k+J+1 0^) 6 (n+fc _ i) a 0) c + ^(-l) J 0^ a (fc _ i )6 (n+i) c, k,neZ. 

(3.6) 



i>o v 7 j>o 

The last formula that we quote here is the skew-symmetry identity: 



°(») 6 = E(- 1 ) n+ ' +1 7T Di (W a )- ( 3 - 7 ) 

i>0 J ' 

3.2. Tensor products of VOAs. 

Let us review here the definition of the tensor product of two VOAs (V , Y' , u/, 1) and 
(V", Y",oj", 1) (the case of an arbitrary number of factors is a trivial generalization). The 
tensor product space V = V <E> V" has the VOA structure under 

y(a(8)6,z) = y / (a,z)(8)y // (6,z), (3.8) 

w = u' <g> 1 + 1 <g> u/', (3.9) 

and 1 = 1 <g) 1 being the identity element. 

It follows from (3.9) that the rank of V (see V6) is the sum of the ranks of the tensor 
factors. 

3.3. Vertex Lie algebras. 

An important source of the vertex algebras is provided by the vertex Lie algebras. In 
presenting this construction we will be following [DLM] (see also [P], [R], [K2], [FKRW]). 

Let £ be a Lie algebra with the basis {u(n), c(— l)|it G U,c E C,n G Z} (14, C are some 
index sets). Define the corresponding fields in C[[z, z -1 ]]: 

u(z) = u(n)z- n -\ c(z) = c(-l)z°, ueU,ceC. 

Let T be a subspace in C[[z, z~ x ]] spanned by all the fields u(z),c(z) and their derivatives of 
all orders. 

Definition. A Lie algebra C with the basis as above is called a vertex Lie algebra if the 
following two conditions hold: 
(VL1) for all u\,ui G U, 



[u l (z 1 ),u 2 (z 2 )] = ^2fj(z 2 ) 

3=0 



(3.10) 



where fj(z) G T, n > and depend on u\,u 2 , 

(VL2) for all c G C, the elements c(— 1) are central in C. 
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Let be a subspace in £ with the basis {u(n)\u G U, n > 0} and let £*- ^ be a subspace 
with the basis c(-l) |u G W, c G C,n < 0}. Then £ = © £(") and £(+),£(") are in 

fact subalgebras in £. 

The universal enveloping vertex algebra Vc of a vertex Lie algebra £ is defined as an 
induced module 

V c = Ind£ (+) (C1) = U(C^) <g> 1, 

where CI is a trivial 1-dimensional module. 

Theorem 3.1. ([DLM], Theorem 4.8) Let £ be a vertex Lie algebra. Then 

(a) Vc has a structure of a vertex algebra with the vacuum vector 1, infinitesimal translation 
D being a natural extension of the derivation of £ given by D(u(n)) = —nu(n — l), D(c(—1)) = 
0, u G U, c G C, and the state-field correspondence map Y defined by the formula: 

Y (ai(-l - ni) . . . a fc _i(-l - ra fc _i)a fc (-l - n k )l, z) 

where aj G U, rij > or aj G C, rij = 0. 

(b) Any bounded £-module is a vertex algebra module for Vc- 

(c) For an arbitrary character 7 : C — > C, the factor module 

Vch) = U(£^)l/U(£^)((c(-1) - 7 (c))l) c6C 

is a quotient vertex algebra. 

(d) Any bounded £-module in which c(— 1) act as 7(c) Id, for all c G C, is a vertex algebra 
module for Vci^y). 

In the formula (3.11) above, the normal ordering of two fields : a(z)b(z) : is defined as 
: a{z)b{z) := ^ a,^""- 1 ^) + ^ b{z)a [n) z- n - 1 . 

n<0 n>0 

Note the following relation that we will implicitly use throughout the paper: (a(— l)l)( n ) = a(n) 
for a G U, n G Z. 

Theorem 3.2. t4w/ D-invariant £-submodule U in Vc is a vertex algebra ideal in Vc- 
Conversely, every vertex algebra ideal in Vc is a D-invariant £-submodule. 

Proof. Let us prove the first part of the Theorem. We need to show that for any u G 
U, a G Vc, n G Z, we have a^u G U and u^a G U. By (3.7), it is enough to prove that 
a( n )-u G U. It is sufficient to consider a of the form a = ai(— 1 — n±) . . . afc(— 1 — nfc)l, where 
aj £ W U C, rij > 0. We use induction on fc. For /c = we get that a = 1 and l( n )U = 5 nj -iu. 
The inductive step follows from the Borcherds' formula (3.6) and £-invariance of U. The second 
part of the Theorem follows immediately from the definition of Vc- 

Corollary 3.3. If U is a maximal D-invariant £-submodule in Vc then the quotient 
Lc = Vc/U is a simple vertex algebra. 

13 



(3.11) 



Remark 3.4. In case when the set U contains an element u> generating the Virasoro field 
w(z) in £, satisfying [cu(0), a(n)] = —na(n — 1) for all a eW, the vertex algebra Vc becomes a 
VOA, and in the statement of Theorem 3.2 the condition of D-invariance of U will automatically 
follow from its £-invariance. 

3.4. VOA associated with the twisted Virasoro-afRne algebra. 

The toroidal VOA that will be constructed in Section 4, decomposes into a tensor product 
of two VOAs. One of these factors is a VOA associated with a twisted Virasoro-affine Lie 
algebra, which we introduce here. 

Let f be a finite-dimensional reductive Lie algebra. Consider a semi-direct product of the 
Lie algebra of vector fields on a circle with a loop algebra: 

f = DerC[£ ,to 1 ] * C[* ,*o *] ® f- 

A twisted Virasoro-affine algebra f is the universal central extension of the Lie algebra f. Using 
the results on the central extensions of the loop algebras and the Lie algebra of vector fields on 
a circle, one can show that the second cohomology of f has the following description: 

H 2 (f) = s 2 (fy nv ©f^ec, 

where the last 1-dimensional component corresponds to the Virasoro cocycle on Der C[to, £q ], 
and its generator will be denoted by Cyi r . Since f is reductive, we have the following canonical 
projections of f-modules: 

and 

We will use this maps to write down the Lie bracket in the twisted Virasoro-affine algebra 

f = fe5 2 (f) int, ef <nt, ec: 

[L(n),L(m)} = (n - m)L(n + m) H ^—S n - m C Vir , (3.12) 

[L(n)J(m)} = -mf(n + m) - (n 2 + n)5 n ,_ m ^(/), (3.13) 

[f(n),g(m)] = [f,g](n + m)+7i6 n - m <p(f®g), f,ge\. (3.14) 

Here and below we are using the notations L(n) = —to +1 -jj- and f(n) = £q <8> / for / e f. 
Consider the following fields in f: 

u(z) = J2 uj{n)z- n - 1 = J2 L(n)z- n - 2 

and 

f{z)=Y J fin)z- n -\ for fef. 

neZ 
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Proposition 3.5. Twisted Virasoro-affine Lie algebra f is a vertex Lie algebra. 

Proof. Take for a set U the element u> together with a basis of f, and for a set C a basis of 

S 2 (f) inv © f nV © C. Then the defining relations (3.12)-(3.14) may be rewritten as follows: 



[W(Z1),W(Z2)] 



_d_ 



■u(z 2 ) 



h'S ( 



+ 2uj{z 2 ) 

Cvir 



+ 
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Hz 1 )J(z 2 )} 



_d_ 

dz- 



[f(z 1 ),g(z 2 )] = [f,g](z 2 ) 



MS 



- W) 



9^2 



z -i d s ( Z_2 
1 dz 2 \zi 

d ^ 2 



(3.15) 



dz^ 



+ <p(f®g) 



z -i d s ( ^2 
1 dz 2 I zi 



(3.16) 



(3.17) 



This shows that f is indeed a vertex Lie algebra, and the claim of the Proposition is established. 
From now on we fix f to be f = g © gl N . 

A linear map S 2 (f) inv — > C defines a symmetric invariant bilinear form on f. Thus S 2 (\) mv 
is the dual space to the space of symmetric invariant forms on f and has dimension 3. Let us fix 
an invariant form on g normalized by the condition that (a\a) = 2 for the long roots of g, an 
invariant form on si n with the same normalization, and a form on the space of scalar matrices 
normalized by its value on the identity matrix: = 1. Denote by {Cg, C s i N , C-j-iei) the dual 

basis in S 2 (f) inv . 

The space 'f™ = Z(f) is one-dimensional, and we will denote its generator ip{I) by CVh- 
Hence the space H 2 (j) is 5-dimensional with the basis {Cj, C s i N , Cuei, Cvn^ CW}- 

The Lie algebra f contains four subalgebras - a Virasoro algebra, two affine algebras, 
= C[to,*o X \ ® ® and sIn = Cfto^o" 1 ] ® $In © <CC s i N , and an infinite-dimensional 
Heisenberg algebra Hei = C[to, £q 1 ] © I © CCnei- 

Fix a central character 7 : H 2 (f) — > C: 



7(Cg) = c jp l{C a l N ) = CsZjv, l(C Hei ) = C Hei , 7(C V h) = CyH, 7(CW) = C V ir, 

and consider the corresponding quotient Vf (7) of the universal enveloping vertex algebra. Using 
the commutator formula (3.2), we derive from (3.16), (3.17) the following relations for the n-th 
products. 

Lemma 3.6. The following relations hold in ^(7): 

(a) E ab (0)E cd (-l)l = 5 bc E ad (-l)l - 8 ad E cb (-l)l, 

E ab (l)E cd (-l)l = S ad S bc c s i N l + 5 ab 5 cd (^0- - ^2.) 1, 
E ab (n)E cd (-l)l = 0foi n>2. 



15 



(b) u {0) E ab (-l)l = D(E ab (-l)l), u (1) E ab (-l)l = E ab (-l)l, 

•cy? 
N 



tv (2) E ab (-l)l = -S ab ^^l, u {n) E ab {-l)l = for n > 3. 



Let us now discuss bounded weight modules for f. This Lie algebra is Z-graded by degree 
in to- We associate with this grading a decomposition f = f_ © f © f + , where f = Ccfo © 
© gljv © H 2 (f). Let V be a finite-dimensional irreducible 0-module, and If be a finite- 
dimensional irreducible module for sIn- Fix a central character 7 : H 2 (f) — > C and two 
constants /ivir, ^-Wei £ C We define on V © W the structure of an irreducible f -module on 
which L(0) = —do acts as multiplication by /iyi r , / acts as multiplication by h-n e i, and the 
action of H 2 (f) is determined by 7. Let f + act on V © W trivially and consider the induced 
module 

M f (V, fc Wei , fc Vir , 7) = In d| © f+ <H> W) . 

This module has a unique maximal submodule, and the factor-module by the maximal sub- 
module is an irreducible f-module, which we denote as L^(V, W, h-j-iei^ hvir-, 7). 

Remark 3.7. Similar constructions may be applied to Virasoro, affine, and Heisenberg 
algebras, yielding the corresponding vertex algebras V Vir (c Vir ), VHcj,), V7 (c s l N ), V ne i{cHei) 

and irreducible highest weight modules Lvi r (hvi r ,cvi r ) for the Virasoro algebra, Zo(V,Cj) for 

the affine algebra g, L7 (W, c s i N ) for the affine algebra sl^ and L-^ e j(/i^ e j, c-j-iei) for the infinite- 
dimensional Heisenberg algebra. 

Note that for the trivial 1-dimensional modules V = C, W = C and h\>i r = hn e i = 0, the 
irreducible module Lf(C, C, 0, 0, 7) is precisely the simple VOA ^(7). 

For a generic 7 (7 not at a critical level), we may apply the Sugawara construction to 
decompose the irreducible module L^(V, W 1 hn e i, hvi r , 7) into a tensor product of irreducible 
Virasoro, affine and Heisenberg modules. 

Proposition 3.8. Let Cj 7^ —h v ,c s i N 7^ — N, 7^ 0, where h v is the dual Coxeter 

number for q. Then the VOA ^(7) decomposes into a tensor product of four VOAs: 

Vfil) = V-(Cg) ® V 7l Jc slN ) © V H ei(c H ei) <8> V Vir ((/ Vir ), 

where 

Cgdim(g) c s ^(iV 2 -l) t 19 c^ , . 

c Vir - c Vir — — — 1 + 12 , (3. 18) 

Cg + h v c s i N + N C Hei 

and the Heisenberg VOA Vueiicuei) is taken with a non-standard Virasoro element 

unei = + ^/(-2)1, (3.19) 

2CUei CHei 

so that its rank is 1 — 12—^. 

Proof. This result is obtained by applying the Sugawara construction three times - to the 
affine g-subalgebra, affine si Ar-subalgebra, and the twisted Virasoro- Heisenberg subalgebra (see 



16 



e.g. [FLM] and [ACKP] for details). Since this construction is well-known, we only sketch the 
proof. 

Let {ui\, {u 1 } be dual bases of g, and {vj}, {v^} be dual bases of sIn with respect to the 
chosen invariant bilinear forms. Consider a new Virasoro field 

"'(*) - 2( * v) E : ««(*)«'(*) : - 2(Cs J +iV ) E : : 

* (3.20) 

It is possible to verify that the moments of ou'(z) satisfy the Virasoro algebra relations, with the 
action of the central element given by (3.18). Moreover, this new Virasoro field uj'(z) commutes 
with the fields of the affine g and si n subalgebras, as well the Heisenberg subalgebra field. 
The formula (3.20) defines a homomorphism of vertex algebras 

V C fl) V ?l»( Cal ") V nei(cHei) ® V Vir {J Vir ) -> Vf( 7 ), 

which is in fact an isomorphism. Moreover, if we choose the Virasoro element in V-ueiicrtei) to 
be given by (3.19), the above map becomes the isomorphism of the VOAs. 

Corollary 3.9. Under the same restriction on the central charges as in Proposition 3.8, 
the irreducible highest weight ^-module L^(V, W, hn e i, hvi r , 7) decomposes into a tensor product 

of irreducible highest weight modules for the affine g, sIn, infinite- dimensional Heisenberg and 
the Virasoro modules: 

L^(V,W,h nei ,h Vir ^) ^ L^(V,c g ) <g> L2 n {W,c s i n ) <g> L nei (h Hei , c He i) ® L Vir (ti Vir , c' Vir ), 
where c' Vir is given by (3.18) and 

7/ _7 h\ ei - 2c vn hnei 

h ^~ hvir 2(c g + h-) 2(c slN+ N) 2c nei ■ [S - 21) 



Here fiy and flw are the eigenvalues of the Casimir operators of g and si n on V and W 
respectively. These are given by Vty = (\v\\v + 2p), = (Avk|A^ + 2p), where \y is the 
highest weight of the irreducible g-module V, and A^ is the highest weight of the s^Tv-module 
W [Kl]. 

Remark 3.10. If one of the inequalities in the statement of the above proposition fails, 
we still can apply a partial Sugawara construction to the remaining components. For example, 
if Cg 7^ — /i v , c s i N 7^ — N, but c^i = 0, the irreducible highest weight f- module is isomorphic to 

the tensor product of the affine g and s/Ar-modules and an irreducible highest weight module 
for the twisted Heisenberg- Virasoro algebra at level zero. The characters of such modules for 
the twisted Heisenberg-Virasoro algebra were computed in [B3] . 
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As we mentioned earlier, the toroidal VOA decomposes in a tensor product, where one 
factor is a twisted Virasoro-affine VOA. The other factor in this decomposition is a sub- VOA 
of a lattice VOA, which we will describe next. 



3.5. Hyperbolic lattice VOA. 

Here we present the construction of a hyperbolic lattice VOA. The general construction of 
a VOA corresponding to an arbitrary even lattice may be found in [FLM] or [K2] . 

Consider a hyperbolic lattice Hyp, which is a free abelian group on 2N generators 
{ui, Vi\i = 1, . . . , N} with the symmetric bilinear form 

(•|-) : Hyp x Hyp -> Z, 

defined by 

(ui\vj) = Sij, (ui\uj) = (vi\vj) = 0. 

Note that the form (-|-) is non-degenerate and Hyp is an even lattice, i.e., (x\x) G 2Z. 
The construction of the VOA associated to Hyp proceeds as follows. 
First we complexify Hyp: 

H = Hyp ® z C, 

and extend (-|-) by linearity on H. Next, we "affinize" H by defining a Lie algebra H = 
C[t, t' 1 ] (g)H®CK with the bracket 

[x(n),y(m)]=n(x\y)S n ,. m K, x,y G H, [H, K] = 0. (3.22) 

Here and in what follows, we are using the notation x{n) = t n (g> x. The algebra H has a 
triangular decomposition H = H_®H Q)H + , where H = (1 <g> H, K) and H± = t ±1 C[t ±1 ] ®H. 

We also need a twisted group algebra of Hyp, denoted by <C[Hyp], which we now describe. 
The basis of C[Hyp] is {e x \x G Hyp}, and the multiplication is twisted with the 2-cocycle e: 

e x e y = e(x,y)e x+ y, x,y G Hyp, (3.23) 

where e is a multiplicatively bilinear map 

e : Hyp x Hyp -> {±1}, 

defined on the generators by e(vi,uj) = (—l) Si: >,e(ui,Vj) = e(ui,Uj) = e(vi,Vj) = 1, i,j = 

1 V- „ . . 

We define the structure of H © if + -module on C[Hyp], letting H + act on C[Hyp] trivially 

and Hq act by 

x (0) e y = (x\y)e y , Ke y = e v . (3.24) 
Finally let Vjj_ yv be the induced H module: 

VH yP =lndl^ + (C[Hyp]). 
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This is the VOA attached to the lattice Hyp. As a space Vu yp is isomorphic to the tensor 
product of the symmetric algebra S(H-) with the twisted group algebra C[Hyp\: 

V Hyp = S{H_)®C[Hyp\. 

The V-map is defined on the basis elements of C[Hyp] by 

Y(e x , z) = exp ^ ^J^^' j exp |~ ^f~ Z ~^ (3 - 25) 

where e x acts by twisted multiplication (3.23) and z x e y = z^ y ^e y . For a general basis element 
a = xi(—l — n\) . . . Xk(— 1 — Tifc) <E> e y , with Xj, y G -ffyp, > 0, one defines (cf. (3.11)) 

y < a ' = & (i) w " • • ■ ne "' z) (3 - 26) 

where x(z) = ^ x{j)z~^ -1 . 

N 

The Virasoro element in Vh vp is w^yp = X] u p(~ ^-) v p(~ 1)1? where 1 = e° is the identity 

P =i 

element of Vh vp - The rank of Vff yp is 2N. 

In the construction of the toroidal VOAs we would need not Vu yp itself, but its sub- VOA 



V Hyp : 



V+ yp = S(H_)®C[Hyp+], 



where Hyp + (resp. Hyp~) is the isotropic sublattice of Hyp generated by {v,i\i = 1, . . . , N} 
(resp. {vi\i = 1, ...,N}). One can verify immediately by inspecting (3.25) and (3.26) that 
V£ is indeed a sub- VOA of Vn yp - Also note that the cocycle e trivializes on C[Hyp + ], 

making C[Hyp + ] the usual (untwisted) group algebra. The Virasoro element of Vjj is the 
same as in Vn yp , and so the rank of is also 2N. 

Let us describe a class of modules for . Consider the group algebra C[H + ] of the 
vector space H + = Hyp + ®^ C. The space S(H-) £g> C[H + ] <g> £[Hyp~] has a structure of a 
VOA module for V£ w , where the action of v£ yp is still given by (3.24), (3.25) and (3.26). Fix 
a e C N , f3 e Z N . Then the subspace 

M£ yp (a,0) = S(H_) ® e au+ ^C[Hyp+] 

in S(H-) ® C[i/ + ] ® C[i/yp~] is an irreducible VOA module for . Here we are using the 
notations au = ot,\U\ + . . . + a^u^, etc. For (3 = we will denote the module (a,Q) 
simply by M^ yp (a). 
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4. Toroidal vertex operator algebras. 



In this section we will construct several VOAs associated with the toroidal Lie algebras. 
We will construct a universal enveloping VOA V s , its "level c" quotient V s (c) and the simple 
quotient L{Tq). As 0-modules, V g (c) does not belong to category £> x , but L{Tq) does. We will 
establish several important relations that hold in L(Tq), which will allow us to show that L(Tq) 
factors into the tensor product of two VOAs discussed in the previous section, V£ and the 
twisted Virasoro-affine VOA L^q). 

The key fact which makes it possible to construct these VOAs, is the observation that 
toroidal Lie algebras g(/i, v) are in fact vertex Lie algebras for all values of \i, v. 

This observation is not quite trivial, since it requires a rather delicate choice of a basis in 

u), in order to exhibit the vertex Lie algebra structure. 

Theorem 4.1. Toroidal Lie algebras g(fj,,u) are vertex Lie algebras. 
Proof. Consider the following generating series in q[[z, z -1 ]]: 

oo oo 

k (r,z)= t J t r k z-i, k p (r,z)= £ ^k v z~^\ (4.1) 



g(r,z)= it r 9z~ j -\ ffGfl, (4.2) 

j=-oo 

oo oo 

d p (r,z) = ttt r d P z-i-\ d (r,z)= ^ t J t r d z^- 2 , (4.3) 

j = — OO j = — QO 

where for p = 1, . . . , n, 

t J t r d p = t J t r d p - vr p t J t r k Q , (4.4) 

and 

t J t r d = -t 3 t r d + (p + + -)t J t r k . (4.5) 

Although the moments of the above series are not linearly independent, all linear depen- 
dencies may be encoded as relations between the fields: 

d N 
— k (r, z) = r p k p (r, z). 

p=i 

Using these relations we can eliminate from the above list for each non-zero r the field k p (r, z) 
with the smallest p such that r p ^ 0. Non-zero moments of the remaining fields will form a 
basis of g(/U, v). 

Verification of the axioms of a vertex Lie algebra is now quite straightforward. The set C 
consists of a single element that corresponds to the central field ko(0, z) = koz°, so (VL2) holds. 

Before we check the property (VL1), let us record the commutator relations between the 
newly introduced elements t J t r d p7 t J t r d . Note that their brackets with the elements of 1Z <8> g 
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and /C are essentially given by (1.1) and (1.2) (with an obvious change of sign for t J t r do), while 
the rest of the commutator relations are given by the following formulas with a, b = 1, . . . , N: 



[t l t r d a ,t J t 8 d b ] =s a tl + H r+s d b - r b f + H r+s d a 



N 



+ (^s a r b + isr a s b )jf +J t r+s k + (^s a r b + vr a s b ) ^ s p f +J t r+s k p . 

p=i 



(4.6) 



[4t r d , t J t s d b ] = - jtl + H r+s d b - r b ti +j t r+s d - (fJLnij - 1) + vs b {i + l))jti +j t r+s k 

(4.7) 



-(pnj + vs b (i + l)) s P t l o +J t r+s h 



p=l 



[t^e d , t J t s d ] =(i - j)ti +j t r+s d + + u)j(j + l)(i + l)t +H r+s k 



N 



hijl + u){j + m + 1) s P ti +i t r+s k P . 

p=l 



(4.8) 



Using these formulas together with (1.1) and (1.2), we can derive the commutator relations 
for the fields in q: 



[k a (r, ^i),/c 6 (m, z 2 )] = 
[g(r, z 1 ),k a (m,z 2 )} = 0, 

[gi(r,z 1 ),g 2 (m,z 2 )] = [gi,g 2 ](z 2 ) 



(4.9) 
(4.10) 



-ijj / Z2 



+ (9i\92)k (r + m,z 2 ) 



' -i d ( z 2 
z-, — — b ' 



dz 2 \zi 



N 



+ (gi\g 2 )^2r p k p (r + m, z 2 ) 
P =i 



-ijc ( Z2 



dj(r,zi),g(m,z 2 ) =m j g(r + m,z 2 ) 
d 



do(r, zi),(/(m, z 2 ) 



g(r + m,z 2 ) 
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(4.11) 

(4.12) 
(4.13) 



di(r, zi), dj(m, 2 2 ) = [midj(r + to, z 2 ) - rjdi(r + to, z 2 ) 



N 



— {lirriirj + uritrij) ^ r p k p {r + to, z 2 ) 

p=i 

— {umiTj + h>rimj)k G {r + to, z 2 ) ~ ' ' 



(4.14) 



d (r, zi),<L(m, z 2 ) 



eL(r + m, z 2 ) 
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1 <9z 2 \*i 
- rjd (r + m, z 2 ) 



N 



+umj ^2 r pk P (r + m, z 2 ) 







p=i 

JV 



+ iyrrijko(r + m, z 2 ) 



.p=i 



+ ko(r + m, Z2) 



9^2 




5 - 



(4.15) 



d (r, zi),do(m,Z2) 



9 J, 

d (r + m, 



+ 2<i (r + m, 2:2) 



+ (/•* + v) S ^2 r p k p (r + m, z 2 ) 
" Kp=i 



N 



_d_ 



where g, g u g 2 E 0, a, 6 = 0, 1, 



+ fc (r + m, z 2 ) 



AT. 



(4.16) 



*» j = 1, 

Now, the right-hand sides of the above commutators are precisely in the format required 
by (VL1). Thus both (VL1) and (VL2) hold, we conclude that v) is a vertex Lie algebra, 
which allows us to consider its universal enveloping vertex algebra Vg. Moreover, <io(0, z) is the 
Virasoro field with the central element C\>i r = 12(// + v)ko and D = t ~ 1 do- 

The subalgebra g^ - -* of the vertex Lie algebra g (not to be confused with its subalgebra 
q_ with respect to Z-grading) is generated by the following elements: t J t r ko with j < 0, 
t J t r k p: t 3 t r g, t J t r d p with j < —l,p = 1, . . . , N, and t J t r d with j < —2. The subalgebra g( + ) is 
spanned by the complementary moments of the fields (4.1)-(4.3). We recall that g^l = in 



V a 



It follows from Theorem 3.1 that Y{t r ko,z) = ko(r,z), Y(t t r kj,z) 



kj(r, z) 



Y(t ~ 1 t r g, z) = g(r,z), Y(t ~ 1 t r dj, z) = dj(r,z), Y(tQ z t r do, z) = do(r,z). For the sake of 
simplicity of notations, we are writing Y (t r ko, z) for V((t r /c )l, z), etc. Also, when r = 0, we 
will simply write g(z) for g(0, z), etc. 

We are going to show that for a particular irreducible o ~ mo dule To, the irreducible g- 
module L(Tq) is a factor- VOA of Vg. This will be done in two steps. First we will construct 
a factor- VOA of that has an irreducible 0o" m °dule as its top. After that we will show that 
the irreducible quotient of this g-module is a VOA, and determine the structure of this vertex 
algebra. 

The operator do = —do + + v)ko induces the Z-grading of the universal enveloping 
vertex algebra Vc- Since Vg = £7($j( - )) <8> 1, we see that its zero component is spanned by the 
elements (t Tl ko) . . . (t r, ko)l. 

Proposition 4.2. Fix a non-zero c G C and consider a g-submodule R(S) in generated 

by the set S = jfc l - cl, (t r k )(t m k )l - c(t r+m k )l \r,me Z^j. 

(a) The quotient Vg(c) = Vg/R(S) is a factor-module of the generalized Verma module 
M(Tq) with the top 

T = C[qf,... iq ±}®V®W = C[qf,...,q±} 

defined as in (2.5) with a = 0, d = + v)c, V being the trivial 1-dimensional g-module, W 
being a 1-dimensional g^-module on which sIn acts trivially and I acts a multiplication by 
h = Nvc. 
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(b) Vq(c) inherits a vertex algebra structure from Vg. 

(c) Vq(c) is a VOA of rank 12( / u + v)c with the Virasoro field u(z) = d (z). 

(d) The projection from M(T ) to L(T ) factors through Vg(c): 

M(T ) - Vg(c) - L(T ). (4.17) 

This defines a VOA structure on L(Tq) as a factor- VOA of Vg(c). 

Proof. Let us prove part (a). Consider a Z-grading on Vg. We claim that the zero 
component R(S)q coincides with 

Span((t ri k ) ...(t rs k )l-c s - 1 (t ri+ - +r °k )l, k l - cl \r lt ...,r a G Z N ^ . (4.18) 

First of all it is easy to see by repeated multiplication of the elements in S by t Vj ko, that 
the elements (4.18) are indeed in R(S). Next, we write R(S) = U(g)S. We have a trian- 
gular decomposition U(g) = U(g_) <S> U(q ) <8> U(q + ), and q + acts on S trivially because the 
elements of S are of degree zero. This implies that R(S)q = U(q )S. Let us show that 
(4.18) is invariant under the action of g . The subalgebra $j is spanned by the elements 
t m k , t m k p , t m g, t m d p , t m d , m E Z N , g e Q, p = 1, . . . , N. We have already verified the in- 
variance of (4.18) under the action of t m ko- We note that the remaining generators of q belong 
to and thus annihilate 1. In addition to this, the elements t m k p and t m g commute with 
t r ko, which implies that they also annihilate (4.18). It follows from (1.2) that t m do annihilate 
(4.18) as well. 

Using the commutator relation t m d p , t r ko = r p t r+rn ko, we get that 
(t m d p ) ((t ri ko) . . . (t r °k )l - c 8 -\t r i + - +r °k )l) 

s 

= E r J (( rifc o) • • • (^ +mfc o) • • • (t rs k )l - d , - 1 (t ri+ - +r ' +m k )l) , 
i=i 

and the right hand side is in (4.18). This proves our claim that R(S)o is given by (4.18). 

It follows from this that the top of the module Vg(c) = V g /R(S) may be identified with 
the space of Laurent polynomials To = C[qf, . . . , q^], under the isomorphism 

(t r k )l i-> cq r . 

Let us describe the action of the subalgebra g on the top T . It follows from the relations 
(4.18) that 

(t m k )q r = cq r+m . (4.19) 
Next, we have seen that t m k p ,t m g and t m do annihilate T : 

(t m k p )q r = 0, (t m g)q r = 0, (t m d )q r = 0. (4.20) 

Since t m d = -t m d + + v)t m k , we get that 

(t m d )q r = ^ + v)cq r+m . (4.21) 
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Finally, 



1 , „ 1 w ... , 1 



c c 



(t m d p )Q r = -(* m d p )(ffc )l = - t m d p ,t r k 1 = -r p (t r+m A;o)l = r p g r+m . (4.22) 



1 



c 



Taking into account that t m <ip = t m d p — m p vt m ko, we obtain 

(t m d p )q r = (r p + vcm p )q r+m , (4.23) 

which corresponds to the tensor module action (2.6) with the trivial action of sIn and I acting as 
multiplication by Nuc. This completes the proof of part (a). Part (b) follows from Theorem 3.2. 
The claim of part (c) has been already established and finally, for part (d) we note that L(Tq) 
is a unique irreducible factor of M(T ), thus the projection M(T ) — > L(T ) factors through 
Vg(c) as in (4.17). Let us point out that the kernel of the homomorphism M (T ) — > V & (c) is 

the submodule generated by Applying Theorem 3.2 again, we conclude 

that L(Tq) inherits the vertex operator algebra structure from V g (c) given by formula (3.11). 
This completes the proof of the Proposition. 

Next we are going to study the structure of the VOA L(Tq). 

Theorem 4.3. 

(a) The VOA L(T ) is generated by the following elements: q m = ^(t m k )l, (t ~ 1 g)l, 
{t^ka)! , (to 1 d a )l, E ab , (tQ 2 d )l, with m G Z N , g G Q, a, b = 1, . . . , N, where 

E ab = - c (toH^d h )(t-^ko)l - (t^d b )l + Ua^ka)!, (4.24) 

with e a being a standard basis vector in Z* N with 1 in a-th position. 

(b) The module L(Tq) has a structure of a C[qf, . . . , q^]-module, which is compatible with 
the action of the algebra of Laurent polynomials on To. The action of the field ko(m, z) is given 
by the following vertex operator: 

\(m,z)=Y(q m ,z)=q m e*p(Y,™ P E ^(VM^ • (4-25) 

(c) The action on L(Tq) of the remaining fields in (4-l)-(4-3) is expressed in the following 

way 

g(m,z)=g(z)Y(q m ,z), (4.26) 
k a (m,z) = k a (z)Y(q m ,z), (4.27) 

JV 



d a (m,z) =: d a (z)Y(q m ,z) : +^m p F(£ pa , z)Y(q m , z), (4.28) 

P =i 

1 N 

d (m,z) =: d (z)Y(q m ,z) : +- ]T m a k b (z)Y(E abl z)Y(q' 



c 

a, 6=1 
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1 N f 8 \ 

+(p - -) E m M d- z kp{z) Y{qm > z) - (4 - 29) 
P =i ^ ' 

(d) The vertex operator algebra L(Tq) is isomorphic to the tensor product of two VOAs: 

L(T ) = V+ yp ®L f ( 10 ), 

where Vjj is a sub-VOA of the lattice VOA described in section 3.5, and £f(7o) is the simple 
VOA corresponding to the twisted Virasoro-affine Lie algebra constructed from the reductive Lie 
algebra f = g © gl N , and the central character 70 given by the following values: 

cna = N(l - ixc) - N 2 uc, c vn = N(^-vc), 

c Vir = 12c(/x + v)- 2N. (4.30) 
The fields ko(m, z), k p (z), d p (z), p = 1, . . . , N, act on by 

k (m, z) = cY(e mu , z), k p (z) = cu p (z), d p (z) = v p (z), 

while the fields g(z) and Y(E a b,z) act on Lj("f ). The field do(z) is the Virasoro field of the 
tensor product Vjt ® L^q). 

Proof. We are going to determine the structure of the VOA L(T ) using the following 
strategy. The technique developed in [BB] provides a method to calculate any given homoge- 
neous component of the kernel of the epimorphism tv : Vg(c) — > L(Tq), though of course such a 
computation is feasible only for the components of low degrees. Any v G Ker tt yields a relation 
between the fields in L(Tq): 

Y L (t )(v,z) = 0. 

It turns out that it is sufficient to know the elements of Ker (jr) of degrees 1 and 2 in order to 
completely determine the structure of L(T Q ) as a VOA. 

Let us illustrate the technique of [BB] with the following example. Fix m G Z N and g G Q. 

Consider the subspace Pi = Span 1 t r g)q m ~ r \ r G Z N ^ C V g (c). This subspace belongs to 

the homogeneous component of weight (— l,m) in Vg(c). We are going to find the intersection 
of Pi with Ker tt. We note that a vector v in component (—1, m) of Vg(c) belongs to Ker n if 
and only if Ui(g + )v = 0. 

Lemma 4.4. Let g, g' G Q, b = 1, . . . , N. Then 

(t t s k )(^ 1 t r g)q m - r = 0, (t t s k b )(to H r g)q m - r = 0, (4.31) 

{t Q t 8 g'){t^t r g)q m - r = (g'\g)cq m+s , (4.32) 
(t t s d )(^ 1 t r g)q m - r = 0, (f„f a db)(fo 1 t r g)q m - r = 0. (4.33) 
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Proof. Let us prove (4.32): 

(tot s g')(t^t r g)q m - r = [t t s g , ,q 1 eg]q m - r + (t^t r g)(t t s g')q m ^ . 

The second term vanishes because $j + acts trivially on the top of V s (c). For the first term we 
use the relations in g, (4.19) and (4.20): 

N 

[t Q t a g'^H r g]q m - r = (t r+s [g' , g])q m - r + (g'\g)(t r+s k )q™- r + (g'lg)^^ 3 ^)^ 

P =i 

= (g'\g)cq m+s 

All other equalities in the statement of this Lemma are obtained in a similar way. 

Let us analyze the results of this Lemma. We see that the right hand sides in (4.31)- 
(4.33) are independent of r. Thus Ui(g + ) ((tQ 1 t r g)q m ~ r — (tQ 1 g)q m ) = 0, which implies that 
(tQ 1 t r g)q rn ~ r — (tQ 1 g)q m G Ker n. Applying the state-field correspondence, we get that the 
following relation holds in L(Tq): 

: Y(t^t r g, z)Y(q m - r , z) : = : Y(t^g, z)Y(q m , z) : . (4.34) 

Since these vertex operators commute, we may drop the normal ordering symbol. In particular, 
for m = r, we get that 

Y(jboH m g, z) = Y^g, z)Y(q m , z). (4.35) 

This factorization property means that the fields Y(tQ 1 t m g, z) = g(m, z) reduce to more elemen- 
tary fields Y(tQ 1 g, z) = g(z) and Y(q m , z). The fields g(z) correspond to the affine subalgebra 
C[£ ,£o X ] ® © C/co C Q. Below we establish analogous factorization formulas for other fields. 
We shall also see that the affine fields Y {t^g, z) commute with other elementary fields, except 
for Y{tQ 2 d,Q, z). This will imply that the affine VOA generated by the affine fields splits off as 
a tensor factor in L(Tq) when c is not the critical level for this affine subalgebra. In this way 
we will obtain a tensor product decomposition of L(T ). 

Now let us get the formula for the vertex operators Y{t^ 1 t r k a , z) and Y(t r k , z). For a fixed 

m e Z N and 1 < a < N, consider the subspace P 2 = Span ^ H r k a )q m - r \r e C V g (c). 
Again we are going to find the intersection of P 2 with Ker w. 
Lemma 4.5. Let 1 < a, b < N. Then 

(t t s k )(t^t r k a )q m - r = 0, (t t s k b )(toH r k a )q m - r = 0, (4.36) 

(t t s g)(tv H r k a )q m - r = 0, ge 9 , {t t s d Q ){t^t r k a )q m - r = 0, (4.37) 
(t t 8 d b )(toH r k a )q m - r = c5 ab q m+s . (4.38) 



The proof of this Lemma is the same as for Lemma 4.4, and we omit these calculations. 
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We see again that the right hand sides in (4.36)- (4.38) are independent of r. Thus 
(to 1 t r k a )q m - r - {tQ 1 k a )q m E Ker tt, or equivalently, 

(*o h r k a )q m - r = (to 1 k a )q m in L(T ). (4.39) 

Taking r = m and applying the state-field correspondence, we get that the following relation 
holds in L(T ): 

y(*o H m k a , z) = Y^ka, z)Y(q m , z). (4.40) 
Since these vertex operators commute, we dropped the normal ordering symbol in the right 

N 

hand side. Also, taking into account that £q 1 t m ko = Yl ra v tQ X t m k v , we obtain 

P =i 



c— Y (q m , z) = Y(toH m k , z) = J2 m p Y(t^k p , z)Y(q m , z). (4.41) 

p=i 

Next we will use the results of Section 3 of [BB]. It is proved there that L(T ) is a module 
over a commutative associative algebra C[qf, . . . , q^] and the vertex operator Y(q m , z) is given 
by the expression (4.25). We can see that this formula is compatible with (4.41), and in fact it 
is not too difficult to derive (4.25) from (4.41). 

We will later need another relation in L(Tq) which can be derived either from (4.39) or 
(4.25): 

N 

(tvH r k )q s = 52r p (to 1 k p )q r+ '. (4.42) 
p=i 

Our next goal is to derive a formula for the vertex operator Y(t^ 1 t m d ai z). We will use 



the same strategy as above. 

Lemma 4.6. Let 1 < a, b < N. Then 

{t t s k Q ){t^t r d a )q m - r = -s a cq m+s , (4.43) 

{t Q t s k b ){t^H r d a )q m - r = 5 ab cq m+s 7 (4.44) 

(t t s g)(t-H r d a )q m - r = 0, geg, (4.45) 

(t t s do)(toH r d a )q m - r = ((m a - r a ) - 2(/js a - vr a )c) q m+ \ (4.46) 

(t t s d h )(t-H r d a )q rn - r = (r b (m a - r a ) - s a (m b - r b ) - (fxr b s a + ur a s b )c) q m+s . (4.47) 



Proof. Let us show the calculations for (4.46) and leave rest as an exercise to the reader. 
We are going to use (4.7), (4.19) and (4.22): 

(t t 8 do)(toH r d a )q m - r = [t t s d ,t^t r d a ]q m - r 
= (t r+s d a )q m - r - s a (t r+s d )q m - r 
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N 

+(-2fis a + 2ur a )(t r+s k )q m - r - (-^s a + 2ur a ) £ r p (t r+s k p )q" 

P =i 



= (m a -r a - 2{xcs a + 2ucr a )q m+s . 

Unlike the previous cases, the right hand sides in Lemma 4.6 do depend on r. Note, how- 
ever, that this dependence is polynomial, and we may separate constant, linear and quadratic 
components. Clearly, the constant term is obtained by setting r = 0, and is produced by the 
element (tQ 1 d a )q m . 

Next, comparing (4.43)-(4.47) with (4.36)-(4.38) we notice that the quadratic term is given 

N 

by the vector £ r p {t^k p )q m : 
p=i 



(t t s d b ) i^ r ^Y^r p {t^k p )q^ 



-r a r b q m+s , 



while the other raising operators annihilate this vector. 

N 

Finally, the linear in r component is given by the vector £ VpE^, where 

p=i 



E£ = (t^d a )q m -^ - {t^d a )q m + -M*5"%)« m - (4.48) 



1 

— i 

c 

Using Lemmas 4.6 and 4.5, we can easily see that 

N N N 

(t o t s ko)J2r P E™ = 0, (t ^6) J> p £- = 0, (t o t s g)J2 r P E ?a = 0, (4-49) 
p=i p=i p=i 

N 

(t t s do)J2r P E™ = r a (-l + 2vc)q m+s , (4.50) 
P =i 

JV 

(t t s d b ) r vKa = ( r b m a + (1 " Vc)s a r b - ucr a s b )q m+s . (4.51) 
P =i 

It follows from the above computations that the following vector is annihilated by Ui(g + ) 
and thus vanishes in L(T ): 

N N 

(t^t r d a )q m - r - (t^d a )q m - £ r p E™ + ^ £ r P {t^k p )q m = 0. (4.52) 

p=i *" p=i 

Setting r = m, and applying the map Y we obtain a relation for the vertex operators in L(T ): 

N N 

d a (m,z) =: d a (z)Y(q m ,z) : + J] m p Y(£™, *) ~ ^ E ^CO^fa™*)- (4-53) 
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l,...,iV. 



Let us now establish a relation between E™ b and 

E ab = E° ab = (toH e °d b )q- e ° - (t^ 1 d b )l + U ab (t^k a )l. (4.54) 

Lemma 4.7. (a) The fields Y(q m , z),g(z),k p (z),d p (z) commute with Y(E ab ,z), p,a,b = 
,N. 

(b) The following relation holds: 

E2 = (E ab ) ( - 1)q m + ^(t^k a )q m . (4.55) 

Proof. Let us show that 

(q m ) {n) E ab = 0fov all n > 0. (4.56) 

Since deg ((q m )^E ab ) = —n, we only need to consider the case of n = 0. But (q m )(o) = 
\(tQt m ko), and we get the desired claim from (4.49). Now applying the commutator formula 
(3.2) we get that the fields Y (q m , z) and Y(E ab , z) commute. Using a similar argument we can 
derive from (4.49)-(4.51) that g(z), k p (z), d p (z) also commute with Y(E ab , z). 

Taking into account the skew symmetry identity (3.7) we obtain as a consequence of (4.56) 
the equality 

(E ab )(_i)q m = (q m )^_i^E ab . 
If we substitute (4.54) in the right hand side of this equality, we will get 

[E ab ) { _ 1)q m = - c (t m k ) (jtoH e "d b )q- e ° - (to 1 d b )l + \ b (t^k a )lj 
= kt-H^d b )(t m k )q-^ - l -(t- l d b )(t m k )l + ^8 ab (t^k a )(t m k )l 

= (to 1 * e »d 6 )g m - e - - (t^d b )q m + U ab (t- l k a )q m - ^(qH m +^k )q-^ + ^(t^t m k )l 

= E2-^(to l ka)q m . 

To get the last equality we used (4.48) and (4.42). This completes the proof of the Lemma. 
Combining (4.53) with (4.55), we obtain (4.28). We also get from (4.52) and (4.55) that 

N N 

(t^t r d a )q m = (t^d a )q m+r + J2r p (E pa ) { _ 1)q m+r + ^ £ r p (t^k p )q m+r . (4.57) 

Next we are going to determine the commutator relations between Y(E ab , z), 1 < a, h < N . 
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Lemma 4.8. (a) (E ab ) (0) E sp = 5 bs E ap - 5 ap E sb , 

(b) (E ab )^)E sp = (1 - nc)8 bs 6 ap l - uc5 ab 5 sp l, 

(c) (E ah )( n) E sp = 0forn>2. 

Proof. Since deg (E ab ) = 1, we have that deg {{E ab )^E sp ) = 1 — n, from which part (c) 
immediately follows. Let us carry out the computations for part (b) of the Lemma. We have 

(E ab ) (1) E sp = ((to H ea d h ) { _ 1)q - e A E sp - (t d b )E sp + -5 ab (t k a )E sp . (4.58) 

v / (1) c 

The last two terms vanish by (4.49) and (4.51). To evaluate the first term in the right hand 
side of (4.58), we use the Borcherds' identity (3.6). Noting that by (4.56), {q~ €a )(n)E sp = for 
all n > 0, we get 

((to 1 ^ a 4)(-i)?" ea ) (i) ^ sp = ^(t t- ea k )(t ea d b )E sp + \t-^k ){t t^d b )E sp . 

The first term is equal to zero since 

\t t-^k ){t^d b )E sp = -(t e "d b )(t t- e "k )E sp - - c \t^d b ,t t~ ea k }E sp 

and we may apply (4.49) to the right hand side. Finally, using (4.51) and (4.19), we get 

^(t~ ea k )(t t ea d b )E sp = ((1 - nc)5 bs 5 ap - ucS ab S sp ) 1. 

This completes the proof of part (b) of the Lemma, and we leave part (a) as an exercise for the 
reader. 

Comparing Lemmas 4.8 and 3.6 (a), we conclude that the operators (E ab )^ produce a 
representation of affine gl N . 

Lemma 4.9. The following relations hold in L(Tq): 



1 N 

(a) (t~ H r d )q m = - ^m p (to%)q m+r , 

c P =i 

(b) (t t r d )(E ab ) { _ 1)q m = S ab (-1 + 2uc). 
Proof. 

{tQh r d Q ) q m = l -(t^t r d ){t m k )i = - c [t^H r d Q ,t m k ]i 

N „ N 



= -J2m p (t^t r+m k p )l = -Y j m p {t^ 1 k p )q r+ " 



c c 
p=i p=i 



30 



This proves the claim (a). Part (b) follows from Lemma 4.7(b), (4.50) and (4.37). 

Finally let us study the properties of the field do(r,z). This will require carrying out 
calculations with certain elements of degree 2. Let v G L(To),deg (v) = 2. Since L(Tq) is an 
irreducible g-module, it is generated by any non-zero vector. If v ^ then U2(g + )v = Tq. 
However it is easy to see that g + is generated by g 1 . Thus q x v = implies that v = . This 
observation will help us find a relation in L(Tq) involving (£q 2 t m d~o)l, which in turn will yield 
an expression for the field do(m, z). 

Lemma 4.10. The following relation holds in L(Tq): 



n N 

(t^ 2 t m d )l = {tfd )q m + m p {t^k 3 ){E p3 ) { _ 1)q m - -(1 - vc)J2™ P (to%)q m . 

^ ■ 1 ^ i 

p,j=i p=i 

Proof. We shall prove this Lemma by showing that the vector 

N N 

v = (t - 2 « )l - 2 do)q m -J2 m^k^E^^q™ + -(1 - fic) ^ m p (t» 2 k p )q* 

p,j=i p=i 

is annihilated in L(T ) by q 1 . Let us show that (t t s d )v = in L(T ): 

(t t s d )v = [t t s cMo 2 ^o]l - [t t s d ,tu 2 d }q m 

1 N ~ 1 N 

— Yl "»pM s do^ lfc j]( s Pi)(-i)9 m - - Yl ^p(^o 1/c j)(^ s ^o)(^)(-i)? m 



1 N 
+ -(1 - juc) ^ m p [t t s do, t 2 k p ]q r 



P =i 

N 



= 3(toH m+s d )l + + v)(toH m+8 ko)l - 2(/x + !/) J] m P (t "H m+s fcp)l 

P =i 

-3(^H s do)q m - 4(/x + v){t^H s k Q )q m 

N N 

— m p (t s ^)(i? PJ ) ( _ 1) ^--(-l + 2z/ C )^m p (t - 1 fc p )^+ s 

p,j=i p=i 

2 * 
+ -(l-^c)^m p (t - 1 t s A; p )^ 

c P =i 

TV AT _ N 

p=i p=i p=i 
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N 1 N 

N N 

__(_! + 2uc) m p (to 1 k p )q m+s + -(1 - ^c) ^m^/g^ = 0. 
p,j=i p=i 

The cases of other elements spanning g 1 are treated similarly, and are left as an exercise. 

Applying the state- field correspondence Y to both sides of the equality in Lemma 4.10, we 
will get the formula (4.29). 

Let us complete the proof of Theorem 4.3. We have now established all the relations 
between the fields stated in part (c) of the Theorem. The universal enveloping vertex algebra 
Vg is generated by the fields (4.1)-(4.3). The same is true for L(T ), since L(T ) is a factor 
vertex algebra of Vg. Taking into account the relations of part (c), the claim of part (a) of the 
Theorem follows. As we mentioned above, the claim of part (b) follows from the results of [BB] . 

Let us establish the claim of part (d) of the Theorem. First we construct a homomorphism 
of vertex algebras 

<P- V+ yp ^L(T ), 

defined by (p(e mu ) = q m , V {u p (-l)l) = \{t^k p )l, <p(v p (-l)l) = (t^d p )l. Using (1.2), 
(4.20), (4.23) and (4.25), we can see that the images of the generators of V£ satisfy the 
required relations (3. 22)- (3. 25), thus (p is indeed a homomorphism of vertex algebras. Since 
Vjj yp is a simple vertex algebra, the map ip is injective. The image of the Virasoro field of V^ yp 
is 

1 N 

(p(uj Hy p{z)) = - : d p (z)k p (z) :, 
c P =i 

and the central charge of this Virasoro field is equal to rank (Vjj ) = 2N. 

We know that the fields g(z) generate an affine subalgebra g in the toroidal algebra g, which 
commutes with the fields generated by the image of ip. This affine subalgebra has the central 
charge c g = c on L(Tq). Next, comparing Lemmas 4.8 and 3.6(a), we conclude that the fields 

Y(E a (,, z) yield a representation of the affine gl N on L{Tq) with central charges c s i N = 1 — /jlc 
and Cfi e i = N(l — fic) — N 2 uc. It follows from Lemma 4.7 (a) that the fields Y{E a i n z) also 
commute with the image of <p. 

The relation (4.8) implies that the field do(z) generates a Virasoro algebra with the central 
charge 12(/i + v)c. The fact that the element tQ 1 do is an infinitesimal translation operator D 
follows from the relations^ (1.1), (1.2), (4.7) and (4.8). Thus L(T ) is a VOA of rank 12 (/x + v)c 
with the Virasoro field do(z). The field do(z) — ip(uJH yp (z)) yields another Virasoro algebra 
with central charge 12(/i + u)c — 2N. Comparing Lemmas 3.6 (b) and 4.9 (b), and noting that 
pi^Hypiz)) commutes with g(z) and Y(E a b, z), we get that the fields do(z) — <p(u>Hyp(z)), g(z) 
and Y(E a b, z) yield a representation of the twisted Virasoro-affine algebra f with f = q © gl N 
and central character given by (4.30). 

This allows us to define a homomorphism of vertex algebras 

V : V f ( l0 ) - L(T ) 
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by = (*o X 9% HEab(-l)l) = E ab , V(o; f ) = 2 d )l - The sub-VOAs 

vC^ffi/p) an< ^ V'(^f) commute in L(T ). Thus we have a homomorphism 

^ p ®^ f (7o)-£(To). 

Since 9(u)H yp + Wf) = (tQ 2 do)l, this is in fact a homomorphism of VOAs. Moreover, by part 
(a), 9 is an epimorphism. 

The f- module Vj(7o) has a unique maximal submodule and a unique irreducible quotient 
Lf(7o). By Theorem 3.2, £f(7o) is a unique quotient vertex algebra of Vf(7o)- Since Vjt is 
a simple vertex algebra, we conclude that Vjj ® ^f(7o) is a unique simple quotient vertex 
algebra of V£ <g> ^(70) • However L(Tq) is also a simple quotient of V^ yp ® ^(70). Thus 

£(T ) = U+ yp ®L f ( 7 o). 
This completes the proof of Theorem 4.3. 

5. Realizations for the irreducible modules in category B x . 

In this section we are going to use the theory of VOA modules to give realizations for all 
irreducible g(fj,, z/)-modules in category B x . By the principle of preservation of identities [Li], 
every VOA module for Vjj <E> £f(7o) is also a module for the Lie algebra q([x, v). However in 
order to get all irreducible modules in B x , we need to use a larger VOA 

V(T )=V+ yp ®V^ ), 

which has more irreducible modules than ® Lj(7o). In order to carry out this plan, we 

should first prove that Vjj <S> Vf(7o) also admits a structure of a g(/U, z/)-module. 
First, we need to establish the following technical lemma: 

Lemma 5.1. For a Zariski dense set of triples (c, /x, v), the modules Vj(^o) and £f(7o) 
coincide. 

Proof. It follows from Proposition 3.8 and (4.30) that whenever c ^ 0, c ^ — /i v , c s i N = 
1 — [ic 7^ — N, c^i = N(l — (Uc) — N 2 uc 7^ 0, the VOA Vj(7o) factors into a tensor product 
of four VOAs: Vr-(cA V7 (c s i N ), V nei (c nei ) and V Vir (c' Vir ). It is clear that Vf(7o) is a simple 

VOA if and only if each of these four VOAs is simple. First of all, under the assumption that 
c-Hei 7^ 0, the Heisenberg VOA is simple. We are going to show that the remaining affine and 
Virasoro VOAs are simple for (c, /i, v) in a dense subset of C 3 . 

We note that affine and Virasoro VOAs are the generalized Verma modules for the re- 
spective Lie algebras, and a generalized Verma module admits a Shapovalov form [J]. Using 
the Shapovalov determinant argument, it is not difficult to see that the VOA V^(cg) (resp. 

(c s i N ), Vvi r (c' Vir )) is simple outside a countable set of values of the central charge c & (resp. 
c s i N , c' Vir ). In fact, an explicit formula for the Shapovalov determinant for the generalized 
Verma modules for the affine algebras may be found in [KK], while for the Virasoro VOA, 
it follows from the description of the irreducible modules for the Virasoro algebra [FF] that 
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Vvi r (c' Vir ) is simple if and only if c' Vir ^ 1 — 6 ~g , where r and s are relatively prime integers, 
r,s > 1. 

Each inequality on the values of the central charges defines a dense Zariski open subset of 
values of (c, /i, z/). Since a countable intersection of dense Zariski open subsets in C 3 is Zariski 
dense, we establish the claim of the Lemma. 

Proposition 5.2. Let c ^ 0, and let 70 be given by (4.30). Then V(T ) = V£ yp <g> V f (^ ) 
has a structure of a g(p, z/)-module given by the formulas of Theorem 4.3 (b)-(d). 

Proof. We proved in Theorem 4.3 (d) that Vjj ®L^q) is a £)(//, z/)-module. Now we want 
to prove the same for Vjj <S> Vf(7o)- This amounts to verifying relations (4.9)-(4.16) in this 
vertex algebra. It is possible to do this directly, and this was the approach taken, for example, 
in [B4], but we are going to present here an alternative argument that allows us to circumvent 
these rather tedious computations. 

By Lemma 5.1, for a Zariski dense set of triples (c,fi,i>), the modules 1^(70) and £f(7o) 
coincide. Thus for the generic values of (c, ji, v) the VOAs Vjj ® Vfilo) are indeed g(/U, v)- 
module, and the relations (4.9)-(4.16) hold. However the commutator formula (3.2) applied 
to the left hand sides of the relations (4.9)-(4.16) in <g> ^(70) will yield expressions with 
coefficients that are polynomials in c ±x ,\i,v. Since these agree with the right hand sides of 
(4.9)-(4.16) on a Zariski dense set of parameters, the equalities must hold for all values of 
(c, fi, v) with c 7^ 0. This concludes the proof of the Proposition. 

Now we are ready to give realizations for all irreducible g-modules in category B x using 
highest weight f-modules. 

Theorem 5.3. Let c 7^ 0, and let L(T) be an irreducible module in category B x determined 
by the data (V, W, h, d, a) as in Theorem 2.5, where V is a finite- dimensional irreducible g- 
module, W is a finite- dimensional irreducible sl^-module, a G and h,d G C. Then 

L{T) = M+ yp (a) <g) L f (V, W, h H ei, h Vir , 7o ), 

where 70 is the same as in Theorem 4-3, 

hnei = h- Nvc, h Vir = -d+ -(/i + v)c. (5.1) 

Proof . First of all, we are going to show that M^ yp (a) ® Lj (V, W, huei-, hvir, 7o) is a 
g(/U, z/)-module. Indeed, it is a module for the vertex algebra <E> ^(70), and by principle 
of preservation of identities [Li], the z/)-module structure on Vjj <S> Vf(7o) gets transferred 
to its VOA module M+ yp (a) <g> L f (V, W, h He i, h Vir , 70). 

Next, let us show that M^ yp (a) <S> Lj (V, W, hn e i, hyi r , 70) is irreducible as a g-module. 
This is not difficult to see. The fields that define the g-module structure on Vjj <S> ^(70) 
generate this VOA. Thus any g-submodule in M^ yp (a) ® Lj(V, W, hueii hvir, 7o) is also a VOA 
submodule. However as a VOA module, M^ yp (a) ®Lj (V, W, hnei, h\?i r , 70) is irreducible. Thus 
it is also irreducible as a g-module. 
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It is also easy to see that the z/)-module (a) <8> Lj(V, W, h nei , h Vir , 70) belongs to 

the category £> x , and its top is 

C[qt,...,q±]®V®W. 

We can derive from (4.25)-(4.29) that g acts on this top according to (2.1), (2.6)-(2.8). 
Taking into account the relations (4.4) and (4.5), we conclude that the top of 
Mff yp (a) ®Lf (V, W, h-yie.ii hvi r , 70) is isomorphic to T as a g - m °dule. Since two simple modules 
with the same top are isomorphic, we obtain the claim of the Theorem. 
Finally, applying Corollary 3.9, we obtain the following result: 

Theorem 5.4. Let L(T) be the irreducible g(p,u) -module in category B x determined by 
the data (V, W, h, d, a) as in the statement of Theorem 2.5. Suppose 

c^O, c^-/i v , c sLn = 1 - \ic ^ -N, 

c Hei = N(l - fjLc) - N 2 uc ^ 0, 

c Vir = 12c(, + .)-2N-- TW - CsiN+N -1 + 12 _ . 

Let 

hnei = h - Nuc, 

, _ I Sly Vt w hneijhnei - N(l - 2vc)) 

kvir -- d +2^ + u}c ~ 2^T7^) " 2(c slN + N) 2c^~ • 

Then 

(a) L(T) ^ M Hyp (a) <g> IMV, c) <g> L ? (W, c s1n ) <g> L Uei {h n ^ c Hei ) <g> L Vir (ti Vir , d Vir ), 

(b) char L(T) =char q a C[qf, . . . , q±] x JJ(1 - ^)-( 2Ar + 1 ) 

i>i 

x char L^(V, c) x char L7 (W, c s i N ) x char L Vir (h' Vir , c' Vir ). 



Remark 5.5. In case of 2-toroidal Lie algebras (N = 1), the sIn piece will not be present, 
and should be omitted from all the statements in this paper. 
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